We establish a direct link between the out-of-time order correlator, a recently suggested measure for probing information scrambling in quantum chaotic systems, and the Loschmidt echo, a wellappreciated diagnostic that captures the dynamical aspect of quantum chaos in the time domain.
Introduction-The study of quantum version of classically chaotic systems gave rise to the field of quantum chaos since it was realized that quantum chaotic systems share certain common characteristics [1, 2] . In particular, in spite of the absence of the tell-tale exponential sensitivity to initial conditions in unitary quantum evolution, one can use as a quantum diagnostic of chaos sensitivity of the evolution to small perturbations of the Hamiltonian [3] or its entropy production in presence of the coupling to the environment [4, 5] . These and related manifestations of quantum chaos have been by now intensively studied [6] [7] [8] [9] [10] [11] [12] [13] , using phenomena such as Loschmidt echo (LE) [14, 15] ,
This quantity incorporates the simple idea [3] that small perturbations of the Hamiltonian may also trigger dramatic changes of the dynamics in the time domain, inducing the butterfly effect.
More recently, the out-of-time-order correlator (OTOC) [16, 17] , another diagnostic for quantum chaos, has been proposed and received considerable attention across many different fields in physics, including quantum information, high energy physics and condensed matter physics . The OTOC is defined as a four-point correlator with unusual time ordering:
where A and B are typically chosen as local operators; A(t) = e iHt Ae −iHt is the Heisenberg operator evolving under total Hamiltonian H; and the average is taken over a thermal state at the inverse temperature β. In chaotic systems, the OTOC exhibits fast decay and converges to a persistent small value [17] . It was argued that under certain natural assumptions, the exponential decay rate is bounded by λ ≤ 2π/β [24, 25] . Another benefit of OTOC is that it is designed to probe the spreading of local information over the entire system. Moreover, for systems with spatial structures, information measured by the OTOC propagates ballistically with a finite velocity known as the butterfly velocity [23, 34, 35] .
It is worth emphasizing that OTOC is typically understood as an intrinsic echo type quantity. For instance, when A and B are chosen as unitary operators, Eq. (2) can be directly measured by echo experiments [13, [39] [40] [41] [42] . However, the precise link between OTOC and the Loschmidt echo is still missing. Establishing such a relation would be beneficial for both areas and shed new light on the whole field of quantum chaos.
In this work, we accomplish the task of connecting OTOC to the Loschmidt echo. We shall focus on 0+1 dimensional (0+1D) systems such as the SachdevYe-Kitaev (SYK) model [17, 43, 44] . In such systems OTOC only exhibits a temporal decay without extra complications caused by spatial propagation. We demonstrate that the OTOC equals the thermal average of the Loschmidt echo. The coupling between the target local systems, i.e., the supports of the local operators, and the rest of the total system plays the role of a perturbation. This relation also suggests that the fundamental bound on the OTOC decay rate is intimately related to the perturbation-independent decay of the Loschmidt echo. To further support our theory, we present two numerical simulations involving a random matrix model and the fermionic SYK model [45] .
Bridging out-of-time-order correlator and Loschmidt echo-For a chaotic Hamiltonian, the universal decay of the OTOC is insensitive to the form of operators A and B in Eq. (2), as long as they are generic, i.e., not reflecting the particular symmetries possessed by the Hamiltonian. Any generic choice of local operators, e.g., random operators, are representative for the universal decay of the OTOC. This allows us to look at the typical behavior of the OTOC by averaging all unitary operators on subsystem S A and S B :
where the integral is performed with respect to Haar measure for unitary operators. Similar ideas have been considered in the literature [46] . However, one essential ingredient that is missing is the local structure of the operators. Here, we will assume that A and B are supported on distinct local subsystems. For global operators the OTOC has been shown to be closely related to the spectral form factor of the Hamiltonian [46, 47] be seen in the following, taking into account the local structure of the system is crucial to reveal the correct behavior of the OTOC. For simplicity, we focus on the OTOC at infinite temperature (β = 0). It is straightforward to generalize to finite temperature by distributing the thermal density operator over a thermal loop, e.g., using the scheme described in Ref. [24, 25, 46] . The finite temperature correction will be taken into account when discussing the temperature dependence of the decay rate. We focus on the scenario that A is an operator with support on a small local subsystem S A , while operator B is chosen such that its support S B is the complement of S A , as illustrated in Fig. 1 . It is reasonable to expect that choosing operator B in such manner also captures the spreading of operator A over the entire system, detected by its non-zero projection at later times on the support of operator B, at least in the bulk of the decay. Analysis of this particular scenario is also instructive and can be generalized in a similar way to cases where B is a small local operator as well. The Haar integral over subsystem operators can be evaluated with the aid of the formula:
where I A is the identity operator, d A is the dimension of S A , and tr A is the partial trace over subsystem S A . The proof is given in Appendix A of Supplementary Material (SM). The average over all random unitary operators on subsystem S A gives us:
The last line of the above equation involves the reduced dynamics of operator B, i.e., B(t) ≡ tr A (e −iHt Be iHt ). In order to further perform the average over B, we estimate B(t) in the following way. Recall that the total system Hamiltonian has the structure
In realistic physical systems, the coupling H is much smaller than the non-interacting part of the Hamiltonian. We can replace the effect of the coupling with an ensemble of random noises on subsystem S B , namely,
Here the ensemble of random noise V k has a strength that is on the same order as the coupling H . The above claim is based on the correspondence between the symptoms of decoherence (process that involves correlation between the system and the environment) and symptoms of the suitable external noise (see, e.g. Ref. [48] ). We back up this claim with an alternative and more mathematically rigorous treatment of the noise operators V k . In the Appendix B of SM, it is proven that operators V k take the form
Here, {k A } is any complete basis of subsystem S A . With the aid of the alternative form for the reduced dynamics of operator B in Eq. (7), averaging over operators B can be further performed in the same manner as for the operators A. This gives the final expression for the averaged OTOC:
which is precisely the Loschmidt echo averaged over a thermal ensemble. Equation (9) is the main result of this work. As has been mentioned before, the above result generalizes to finite temperature. We present the full derivation in the Appendix C of SM. It is shown there that only the strength of the noise (the average of the square of the off-diagonal matrix elements of the perturbation matrix) matters for the universal decay of the OTOC. We can then use a single averaged noise V = V k + V k in the derivation of the above approximation to represent the whole ensemble of d A noise operators. Note that the matrix elements of V have a variance which is double of those in V k .
At this point, the connection between OTOC and the thermal averaged Loschmidt echo has been established, with the coupling between subsystems playing the role as the perturbation, as given in Eq. (8) . Depending on the strength of the perturbation, the Loschmidt echo can exhibit various types of behaviors. We briefly discuss those in the following four different regimes and consider their implications to the OTOC decay.
I. Perturbative regime: When the perturbation strength is smaller than the level spacing of the unperturbed Hamiltonian, the LE exhibits Gaussian decay. This regime is effectively suppressed in the thermodynamic limit since the level spacing decreases exponentially fast with the system size.
II. Fermi's Golden rule regime: When the perturbation is increased, the LE is driven into an exponential decay regime, where the decay rate is given by the Fermi's Golden rule, Γ n = 2πρ(n)V 2 od (n). Here, n labels the initial energy eigenstates in the LE; ρ(n) is the spectral density of the unperturbed Hamiltonian; and V 2 od (n) is the average of the square of the off-diagonal perturbation matrix elements at state |n . This regime is valid for the decay rate Γ much smaller than the band width of the unperturbed Hamiltonian.
III. Lyapunov regime: When the perturbation is further increased, the decay stays exponential while the rate saturates to a bounded value. This regime has been predicted [7, 8, 49, 50] by semi-classical theory [4, 5] and is supported by numerical simulations (See, e.g., [14] and reference therein). The quantum mechanism for the existence of this regime has not been fully understood yet. However, the OTOC-LE connection discussed in this work strongly suggests that this regime is responsible for the fundamental temperature-dependent upper bound of the OTOC decay.
IV. Gaussian regime: When the perturbation is large enough such that the exponential decay rate is comparable to the Hamiltonian band width, the global density of states (that typically has a Gaussian form [51] ) starts to interfere [52] and a Gaussian decay is finally developed [53] . Numerical simulations discussed below show that, due to the finite system size, OTOC also exhibits Gaussian decay in finite size systems, even for the SYK model, which is expected to possess a saturated exponential decay.
Simulations and DiscussionsCase 1: random matrix model. We consider first a random matrix model given by Eq. (6), where the subsystem self-Hamiltonian and the coupling are given by random matrices from the standard Gaussian Unitary Ensemble (GUE). We are mostly interested in the exponential decay of the OTOC. Thus the coupling strength of H is further decreased by a factor g < 1 in order to tune the system into the Fermi' golden rule decay regime.
In this case, the thermal averaged decay rate for the OTOC can be computed as a thermal average of the golden rule decay rate: By adding an averaged density of states ρ(E), the discrete sum can be replaced with a smooth integral, which is evaluated further through integral by part,
In the random matrix model, the perturbation is given by the random coupling matrix V = gH according to Eq. (8) , where H is an element from the GUE. Thus V 2
od (E) = g 2 does not depend on the energy. Furthermore, for random matrix, the spectral density ρ(E) is given by the Wigner semi-circle law ρ(E) ∝ E 2 − E 2 0 , where E 0 is the ground state energy. In this case, the temperature dependent decay rate can be explicitly written out:
where I 1 is the modified Bessel function of the first kind. We perform a numerical simulation of the OTOC evolution for the random matrix model with structure Eq. (6). A and B are chosen as random Hermitian operators on the corresponding subsystems. The OTOC clearly shows exponential decay for appropriate coupling strength (g from 0.05 to 0.5). Fig. 2 depicts the extracted decay rate at various temperatures, which matches our theory prediction Eq. (12) very well.
Case 2: SYK model. To further test our theory, we also present numerical study of the fermionic version of the SYK model proposed in [45] : where J i,j;k,l are complex Gaussian random couplings with zero mean obeying certain symmetries. c i and c † i
are fermionic annihilation and creation operators at site i. We compute the OTOC for operators c † i + c i on two distinct sites. Clear Gaussian decay with very weak temperature dependence has been observed (Fig. 3) , which agrees with previous numerical studies [45, 54] while contradicting the expected exponential decay with upper bound 2π/β [24, 25] .
On the other hand, this observation fits into the theory of the present work: The OTOC decay rate is governed by the coupling strength between the target subsystem S A , S B and the rest of the system. In a finite system, the coupling might be too large for the decay to be in the exponential regime. The decay rate extracted from our numerical simulation is close to the band width of the SYK Hamiltonian, which indicates that the decay is in the Gaussian regime (regime IV). Since the relative strength compared with the total Hamiltonian decreases with the system size, it is then expected that the OTOC decay would drop into the exponential regime in the large-N limit. Due to the limited numerical capacity, we did not observe exponential decay up-to 17 fermions, which is the largest system we are able to simulate numerically. However, we are able to observe exponential decay by manually adjusting the coupling strength. It is done by decreasing the couplings J i,j;k,l that involve the subsystem S A and S B by a factor 0 < g < 1, while keeping the coupling in the rest of the system unchanged. Figure 4 shows the exponential OTOC decay for the deformed coupling strength. The decay rate also admits quadratic dependence on the coupling factor g, which satisfies the Fermi's golden rule prediction in regime II. We would like to emphasize that the conjectured universal upper bound of the OTOC decay rate 2π/β is likely to be a consequence of the thermal average of the perturbation-independent decay rate of the LE (regime III).
To summarize, we have demonstrated the connection between two distinct areas of the dynamical quantum chaos, namely, the emerging field of the out-of-time-order correlator and the relatively more developed field of the Loschmidt echo. The established relation not only allows a more general understanding of the universal properties of the OTOC, e.g., the existence of Gaussian decay regime for the finite size SYK model, but also provides new insights into both subjects, e.g., the implications of the bound on the OTOC decay to the quantum mechanism behind the perturbation-independent (Lyapunov) decay of the Loschmidt echo, and vice versa. Future works could generalize the connection to higher dimensional systems with spatial structures. Higher order corrections and their implications for the early time behaviors of the OTOC are also worth further investigation. 
